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Abstract 

In this paper we present another notion of a smooth manifold with corners and relate it to 
the commonly used concept in the literature. Afterwards we introduce complex manifolds 
with corners show that if M is a compact (respectively complex) manifold with corners and 
K is a smooth (respectively complex) Lie group, then C°° [M, K) (respectively (M, K)) 
is a smooth (respectively complex) Lie group. 

Keywords: smooth manifold with boundary; smooth manifold with corners; smooth exten- 
sion; complex manifold with boundary; complex manifold with corners; infinite-dimensional 
Lie group; mapping group; group of smooth mappings; group of holomorphic mappings 

MSC: 22E65; 58A05 



I Introduction 

We introduce the notion of a smooth manifold with corners, which is an extension of the existing 
notion of smooth manifolds with corners or boundary for the finite-dimensional case (cf. |Leef)3| 
or |Mic80l Chapter 2]). The notation presented here is the appropriate notion for a treatment 
of mapping spaces and Whitney's extension theorem |Whi34| implies that for finite-dimensional 
smooth manifolds our definition coincides with the one given in |Lee03| . We give an alternative 
proof of a similar statement by elementary methods from real Analysis (cf. also |KM97I Theorem 
22.17] and jKM97l Proposition 24.10]). 

Afterwards we introduce complex manifolds with corners and show several properties of the 
spaces C°° (M, K ) and Cg 3 [M, K) . Eventually it turns out that these mapping spaces are smooth 
(respectively complex) Lie groups. This is in particular interesting since it seems to be the only 
way to put a complex or even smooth structure onto spaces of holomorphic mappings since very 
elementary results for the non-boundary case imply that compactly supported holomorphic maps 
are constant. With the results of this paper a topological treatment of spaces like C^(M, K) for 
non-compact M becomes possible by inductive limit methods. 



II Notions of Differential Calculus 



In this section we present the elementary notions of differential calculus on locally convex spaces 
and for not necessarily open domains. 
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Definition II. 1. Let E and F be a locally convex spaces and U C E be open. Then / : U — > F 
is continuously differentiable or C 1 if it is continuous, for each ue£ the differential quotient 

;= lim /( * ± M ~ /(a:) 

exists and if the map df : U x E — ► F is continuous. If n > 1 we inductively define / to 
be C™ if it is C"- 1 and d"- 1 / is C 1 and to be C°° or smooth if it is C" for all n G M. We 
denote the corresponding set of maps by C 1 (C/, E), C n (U, E) and C°°(U, E). This is the notion 
of differentiability used in |Glo02b| and it will be the notion throughout this paper. 

If E and F are complex vector spaces, then / is called holomorphic if it is C 1 and the map 
df(x) : F -> F is complex linear for all x G U (cf. |Mil83l p.1027]). 

Remark II. 2. From the above definition it is clear what the notions of a smooth (respectively 
complex) Lie group is, i.e. a group which is a smooth (respectively complex) manifold modelled 
on a locally convex (complex) space such that the group operations are smooth (respectively 
holomorphic). 

Remark II. 3. (cf. Nee02 Remark 3.2]) We briefly recall the basic definitions underlying the 
convenient calculus from |KM97| . Again let E and F be locally convex spaces. A curve / : B, — > E 
is called smooth if it is smooth in the sense of Definition III. II Then the c°°-topology on E is the 
final topology induced from all smooth curves / G C°°(]R, E). If E is a Frechet space, then the 
c°°-topology is again a locally convex vector topology which coincides with the original topology 
|KM97I Theorem 4.11]. If U C E is c°°-open then / : U -> F is said to be C°° or smooth if 

/, (c7°°(]R, U)) C C°°(R,F), 

e.g. if / maps smooth curves to smooth curves. The chain rule |G1502al Proposition 1.15] 
implies that each smooth map in the sense of Definition III. II is smooth in the convenient sense. 
On the other hand |KM97I Theorem 12.8] implies that on a Frechet space a smooth map in 
the convenient sense is smooth in the sense of Definition III. II Hence for Frechet spaces the two 
notions coincide. 

Definition II. 4. Let E and F be a locally convex space, and let U C E be a set with dense 
interior. We say that a map / : U — » F is C 1 if it is continuous, /j nt := /|j nt (m i s C 1 an d the 
map d(/i n t) extends to a continuous map on U x F, which is called the differential df of /. If 
n > 1 we inductively define / to be C" if if is C 1 and df is C n ~ x for n > 1. We say that / is 
C°° or smooth if / is C n for all n G M . 

Remark II.5. Since int(J7 x F 2 "- 1 ) = int(J7) x i? 2 " -1 we have for n = 1 that (d/) int =d(f int ) 
and we inductively obtain (d n f) int — d n (/; n t)- Hence the higher differentials d n f are defined to 
be the continuous extensions of the differentials d"(/i n t) and thus we have that a map / : U — > F 
is smooth if and only if d n (f ln t) has a continuous extension d n f to U x E 2 _1 for all n G IN. 

Remark II.6. If / : [/ -> U ' , g : t/ / -» F with /(int(C/)) C int(J7') are C 1 , then the chain 
rule for locally convex spaces G1602a, Proposition 1.15] and (g o /)i n t = gint ° /int imply that 
go f ; U — * F is C 1 and its differential is given by d(g o f)(x).v = dg(f(x)).df(x, v). In particular 
it follows that g o f is smooth if g and / are so. 

Definition II. 7. (cf. LeeQ3] for the finite-dimensional case) Let E be a locally convex space, 
Ai, . . . , A„ be continuous functional and F+ := P)fe=i -^fc 1 (^o )■ If M is a Hausdorff space, then 
a collection (Ui,ipi)i<zi of homeomorphisms tp i : [/, — > *f(Ui) called charts onto open subsets 
ifi(Ui) of F + is a differential structure on M of co-dimension n if Ujg/t^ = M and for each pair 
of charts tpi and tfj with i7j D fj- ^ we have that the coordinate change 



<Pi (Ui n [/,) 9 x i->- <pj 1 (x)) G ^-(C/i n {J,) 
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is smooth in the sense of Definition III. 41 Two differential structures are called compatible if 
their union is again a differential structure, a maximal differential structure with respect to 
compatibility is called an atlas and M together with an atlas is called a smooth manifold with 
corners of co-dimension n. 

Remark II. 8. Note that the previous definition of a smooth manifold with corners coincides for 
E = R™ with the one given in Lee03 and in the case of co-dimension 1 and a Banach space E 
with the definition of a manifold with boundary in |Lan99j . but our notion of smoothness differs. 
In both cases a map / defined on a non-open subset U C E is said to be smooth if for each point 
x G U there exists an open neighbourhood V x C E of x and a smooth map f x defined on V x with 
/ = fx on U n V x . However, it will turn out that for finite-dimensional smooth manifolds with 
corners the two notions coincide. 

Lemma II. 9. If M is a smooth manifold with corners modelled on the locally convex space E and 
ifi and tfj are two charts with Ui n Uj 0, then ipj o (p7 (int(<^j(f/j fl Uj))) C int(ipj(Ui H Uj)). 

Proof. Denote by a : (pi(UiC\Uj) — ► ipj(UiC\Uj), x i— > <Pj{<pJ (x)) and f3 = a -1 the corresponding 
coordinate changes. We claim that da(x) : E — > £ is an isomorphism if a; G rnt(</5,-(f/j fl f/j))- 
Since /? maps a neighbourhood of a(x) into int(y>i(Z7inZ7j)) we have dat{(3{x')).(d(i{x').v) = v 
for v E E and a;' G int(Wx) (cf. Remark |ll.6(l . Since i— > da(P(x')).(df3(x').v) is continuous 
and int(Wa;) is dense in W x , we thus have that v i— > d/3(a(x)).v is a continuous inverse for da(s). 

Now suppose & £ int (</?,* (Z7j n J7,*)) and a(x) ^ in.t(^j(t/j n Uj)). Then A,(a(a;)) = for some 
i S {1, . . . ,n} and thus there exists anweB such that + to S <fij(Ui n C/j) for i S [0, 1] and 
a(ar) + tv ^ <fj{Ui H ?/,-) for i € [—1,0). But then w ^ im(rfa(a;)), contradicting the surjectivity 
of da (a;). □ 

Remark 11.10. The preceding Lemma shows that the points of int(-E+) are invariant under 
coordinate changes and thus the interior int(M) = lJ iG/ (p^ 1 (int(E + )) is an intrinsic property 
of M. We denote by dM := M\int(M) th boundary of M. 

Definition 11.11. A map / : M — > N between smooth manifolds with corners is said to be C n , 
respectively smooth, if /(int(M)) C int(iV) and the corresponding coordinate representation 

is C™ respectively smooth for each pair ipi and ipj of charts on M and N. We again denote the 
corresponding spaces of mappings by C n (M,N) and C°°{M,N). 

Remark 11.12. For a map / to be smooth it suffices to check that 

<p(U n f-\V)) 3x^ ip' (f (ip- 1 (x))) G ip(V) 

maps int((p(U fl / _1 (V r ))) into mti[>(V) and is smooth in the sense of Definition III.4I for each 
m G M and an arbitrary pair of charts ip : U — » i? + and ip : V F + around m and /(m) due 
to Lemma [[I.6I and Lemma fll.91 

Definition 11.13. If M is a smooth manifold with corners and differentiable structure (Ui, 
which is modelled on the locally convex space E, then the tangent space in m G M is defined to 
be TM m := (E x I m ) / ~ ; where I m := {i e I : m e U t } and (x,i) ~ (d ((p 3 o ip^ 1 ) (cpi(m)).x,j). 
The set TM := U me ^/{m} x T m M is called the tangent bundle of M. 

Remark 11.14. Note that the tangent spaces T m M are isomorphic for all m G M, including 
the boundary points. 

Proposition 11.15. The tangent bundle TM is a smooth manifold with corners and the map 
7r : TM — > M, (m, [x, i\) *—>■ m is smooth. 
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Proof. Fix a differentiable structure (Ui, fiji^i on M. Then each Ui is a smooth manifold with 
corners with respect to the differential structure (Ui,(fi) on f/j. We endow each TUi with the 
topology induced from the mappings 

pr-L : TUi — * M, (m, v) ► m 
pr 2 : TUi E, (m, v) i— ► u, 

and endow TM with the topology making each map Tf7j <^-> TM, (m, w) i— > (x, [v, i]) a topological 
embedding. Then tpi o pr 1 x pr 2 : Tt/j — > f{Ui) x J5 defines a differential structure on TM and 
from the very definition it follows immediately that ir is smooth. □ 

Corollary 11.16. If M and N are smooth manifolds with corners, then a map f : M — > N is 
C 1 if /(int(M)) C int(2V), / int := /| int(M) is C 1 and T/ int : T(int(M)) T(int(JV)) C TN 
extends continuously to TM . If, in addition, f is C n for n > 2, then the map 

Tf : TM - TN, (m, [x,i]) » (/(m), [d fa o / o ^r 1 ) (^( m )) . X) j]) 

«s well-defined and C n . 

Definition 11.17. If M is a smooth manifold with corners, then for n £ Mo the higher tan- 
gent bundles T n M are the inductively defined smooth manifolds with corners T°M := M and 
T" := T {T n ~ 1 M). If iV is a smooth manifold with corners and / : M -> N is C™, then the 
higher tangent maps T m f : T m M — * T m N are the inductively defined maps T°f := / and 
T m f := j i (T m ~ 1 f) if 1 < m < n. 

Corollary 11.18. J/ M, and O are smooth manifolds with corners and f : M — ► N and 
g : N with /(int(M)) C int (AT) and 5 (int(iV)) C int(O) are C" 7 t/ien / o g : M -> O is C*™ 
anrf we /lave T m (g o /) = T m / o T m (7 /or a/Z m < n. 

Proposition 11.19. //M is a finite- dimensional paracompact smooth manifold with corners and 
(Ui)i£i is an open cover of M, then there exists a smooth partition of unity {fi)iei subordinated 
to this open cover. 

Proof. The construction in |Hir761 Theorem 2.1] actually yields smooth functions /j : U\ — ► E, 
also in the sense of Definition ITT7TT1 □ 

III Extensions of Smooth Maps 

This section draws on a suggestion by Helge Glockner and was inspired by |Brd92l Chapter 
IV] . We relate the notions introduced in Definition III. 41 to the usual notion of differentiability 
on a non-open subset U C E™ (cf. Remark llL8|) . We will see that, at least under some mild 
requirements, this notion coincides with the definition given in Definition III. 41 

It should be emphasised that the results of this secrtion are not new (cf. Whi34 , KM97, 
Theorem 22.17] and |KM97I Theorem 24.10]). The remarkable thing is that it is proved by 
methods of elementary Analysis. 

Remark III.l. If M is a smooth manifold with corners, we endow C°°(M, F) with the topology 
making the canonical map 

C°°(M, F) l[ C(T n M,F) c , f^d n f 

a topological embedding (cf. G1602b, Definition 3.1]), where d n f := pr-^ o T n f (note 
T n F = F 2 ). This is a locally convex vector topology on C°°(M, F) and it is complete whenever 
C°°(int(M ), F) is complete. Hence it is a Frechet space if M is a second countable finite- 
dimensional smooth manifold with corners and F is a Frechet space. Note that this is not 
immediate if one uses the notion of smoothness on M from |Leef)3] or (Lan99 . 
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Definition III. 2. We say that the two locally convex spaces E and E' satisfy the Cartesian 
closedness principle (shortly CCP) if for each pair of open subsets U C E and V C E' and each 
locally convex space F we have a well defined and linear isomorphism 

A : C^iU x U',F) - C°°(U,C°°(U',F)), / A (^)(y) = f(x,y). 

Remark III. 3. Since for Frechet spaces, our notion of differentiability and the one used in 
the convenient setting |KM97j coincide, any two Frechet spaces satisfy the Cartesian closedness 
principle due to |KM97I Lemma 3.12]. 

Proposition III. 4. // E and E' satisfy the Cartesian closedness principle, U C E, U' C E' 
have dense interior and F is locally convex, then we have a well-defined canonical map 

A : C°°(U x U',F) - C°°{U,C°°{U',F)), f A (x)(y) = f(x,y). 

If, moreover, E' is finite- dimensional, then this map is a linear isomorphism. 

Proof. First we check that / A actually is an element of C°°(U, C°°(U', F)). If a; £ int(ZJ), then 
/ A ( a; )lint(c/') e C°° (int ([/'), F) due to the Cartesian closedness principle for int([/) and int([/'). 
Since d n f extends continuously to the boundary so does d n (f h (x)). So A dchncs a map from 
int(ZJ) to C°°{U', F), which is continuous since (C(X x Y, Z)) A C C(X, C{Y, Z)). With Remark 
IIL5I the smoothness of f A follows in the same way as the continuity. 

It is immediate that A is linear and injective. If E' is finite-dimensional, then sur- 
jectivity follows directly from the the Cartesian closedness principle for E and E' and 
C(X x Y,Z) = C(X,C(Y,Z)). □ 

Lemma III. 5. If E is a locally convex space and (fn) n ^ is a sequence in C 1 (M,,E) such that 
(/n)new converges uniformly on compact subsets to some f £ C(]R, E), then (/„) converges to 
some f £ C 1 (R, E) with f = f. 

Proof. This can be proved as in the case E = R (cf. [Br692 Proposition IV.1.7]). □ 

Lemma III. 6. Let F be a Frechet space. If (v n ) n£ m * s an arbitrary sequence in F, then there 
exists an f £ C°°(R, F) such that f {n) (0) = v n for all nel . 

Proof, (cf. |Bro92l Proposition IV.4.5] for the case F = R). Let C £ C°°(R,R) be such that 
supp(C) C [-1, 1] and C(x) = 1 if -\ < x < \ and put £(x) := x((x). Then supp(£) C [-1, 1] 
an d i] = id[_i i]. Since £ fc is compactly supported, there exists for each n £ IN an element 

M n< k £ R such that | (£ fc ) ( x )\ < M n ^ for all x £ R. Now let (p m ) me w be a sequence of 
seminorms defining the topology on F with p\ < P2 < .... We now choose Ck > 1 such that 
\Pk(vk) Cfe k (C(cfc • (x)| < Pk(vk)Ck~ k M n ,k < 2~ fc if n < k. Note that this is possible since 

there are only finitely many inequalities for each k. Set f m :— Y^ikLo v k ( c k 1 £( c k ' )) fe - We show 
that / := linim^oo f m has the desired properties. If e > and / £ IN we let m Ej ; > I be such that 
2- m *.' < e. Thus 

m 

rn 

< Yl Vu{vk)c n h - k M n . k < 2- m "' < e 

k=l+m e j 

for all m > m e> i and n < I. It follows for n < I that fm converges uniformly to some 
f n £ C*°°(R,F) and the preceding lemma implies (/" _1 )' = /", whence /(") = /". Since I 
was chosen arbitrarily if follows that / is smooth. Since we may also interchange differentia- 
tion and the limit by the preceding lemma and since Cfc£(cfc •) equals the identity on a zero 

neighbourhood we thus have / (n) (0) = (lirn^ /i n) ) (0) = lim^^ (/&°(0)) = v n . □ 
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Corollary III. 7. If F is a Frechet space then for each f G C°° ([0, 1], F) there exists a 
f£C°°(R,F) with f\ [01] =f. 

Proof, (cf. |KM971 Proposition 24.10]) For n G M set v n := / (n) (0) and w n := f {n) (l). 
Then the preceding lemma yields /_,/+ G C°°(R,F) with /i n) (0) = v n = f (n) (0) and 
/! n) (0) = W „ = /(")(l). Then 

( f-(x) if x < 

f(x) := \ f(x) if < x < 1 

[ f+(x-l) ifx>l 

defines a function on 1R which has continuous differentials of arbitrary order and hence is smooth. 

□ 

Theorem III. 8. If F is a Frechet space and f G C°°([0, 1]", F), then there exists an f G 
C°°(R",F) witt J| [01] „ =/. 

Proof. First we note that the Cartesian closedness principle holds in this context due to Remark 
IIII.3l and Proposition lIII.4l Set fo := /. Using Proposition lIII.4l we can view fo as an element 

/oe^([0,l],C°°([0,ir-\£)). 

which we can extend to an element of C°° (]R, C°° ([0, l] n - 1 ,E)) by Corollary IITL71 and Remark 
IIII. II This can again be seen as an element /i G C°° (R x [0, l]"" 1 , E) . In the same manner we 
obtain a map 

fi e C°° (R 2 x [o, i]™~ 2 , E) 

extending f\ as well as /o- Iterating this procedure for each argument results in a map f '■= f n 
which extends each fi and so it extends fo — f. O 

Proposition III. 9. If F is a Frechet space, M is a finite- dimensional smooth manifold and 
L C M has dense interior and is a smooth manifold with corners with respect to the charts 
obtained from the restriction of the charts of M to L, then there exists an open subset U C M 
with L CU such that for each f £ C°°(L, F) there exists a f G C°°(U, F) with f\ = /. 

Proof. For each m G dLnL there exists a set L m which is open in M and a chart ip m : L m — > W 1 
such that f m (L PI L m ) C R™ and f m (m) G 3R" . Then there exists a cube 

C m := [xi - s, xi + e] X . . . x [x n - e, x n + e] C <yj m (L n L m ), 

where 

p m (m)i if ip m (m) t ^ 
£ if ip m (m) t = 

(actually C m is contained in R™ and shares the i-th "boundary- face" with R™ if ip m {m)i = 0). 
Then C is diffcomorphic to [0,1]™. The diffeomorphism is defined by multiplication and ad- 
dition and extends to a diffeomorphism of 1™. We now set U = int(L) U UmeaLnL^"' 
V m := intf^fCm)) and choose a partition of unity g, h, (h m ) me gLnL subordinated to the open 
cover U\L, int(L), (V m ) med LnL- 

If / G C°°(X, M), then Theorem IIII. 81 yields a smooth extension / m of / o i/ 3 ^ 1 ^ and thus 

/m := /m ° ^Iv ^ s smooth and extends /. We now set 



f(x) := h(x) f(x) + ^2 h m (x)f m (x), 



ra^dL 



where we extend / and f m by zero if not defined. Since h (respectively h m ) vanishes on a 
neighbourhood of each point in dL n L (respectively dV m ), this function is smooth and since 
fm\v nL ~ f\v nL ^ or au m ^ ®L ^ a ^ so extends /. □ 



Spaces of Mappings 



7 



Corollary III. 10. If U C (K™) + is open, F a Frechet space and f : U — > F is smooth in the 
sense of Definition \II-4\ then there exists an open subset U C Wi n , with U C U , such that for 
each f e C°°(U, F) there exists afe C°°(U, F) with f = f. 

IV Spaces of Mappings 

In this section we prove several results on mapping spaces like C°°(M, K) or C£P(M, K). Since 
many proofs carry over from the non-boundary case, we provide here only the necessary changes 
to the statements and extensions to |G1502bl p. 366-375]. 

Definition IV. 1. If E and F are locally convex complex vector spaces, U C E has dense 
interior, then a smooth map / : U — » F is called holomorphic if /j nt is holomorphic, i.e. that 
dfint(x) ■ E — > F is complex linear (cf. |Mil83 p. 1027]). We denote the space of all holomorphic 
functions on U by Cq(U, F). 

Remark IV. 2. Note that in the above setting df (x) is complex linear for all x S U due to the 
continuity of the extension of df ln t- 

Definition IV. 3. A smooth manifold with corners is called a complex manifold with corners 
if it is modelled on a complex vector space E and the coordinate changes in Definition III. 71 are 
holomorphic. A map smooth / : M — ► N between complex manifolds with corners is said to be 
holomorphic if and for each pair of charts on M and N the corresponding coordinate represen- 
tation is holomorphic (cf. Definition III. 11(1 . We denote the space of holomorphic mappings from 
M to N by Cg 3 (M, N) . 

Remark IV. 4. If M is a complex manifold with corners and F is a locally convex complex 
vector space, then C£P(M, F) is a closed subspace of C°°(M, F) since the requirement on df(x) 
being complex linear is a closed condition as an equational requirement on df{x) in the topology 
defined in Remark llII.ll 

Lemma IV. 5. If M is a finite- dimensional smooth manifold with corners and E and F are 
locally convex spaces, then there is an isomorphism C°° (M, E x F) = C°° (M, E) x C°° (M, F) . 

Proof. The proof of |Glo02bl Lemma 3.4] carries over without changes. □ 

Lemma IV. 6. If M and N are finite- dimensional smooth manifolds with corners, E is locally 
convex and f : N — -> M is smooth, then the map C°°{M,E) C°°{N,E), 7 1— > 7 o / is 
continuous. 

Proof. The proof of |G1502bl Lemma 3.7] carries over without changes. □ 

Lemma IV. 7. If M is a finite- dimensional smooth manifold with corners and E is a locally 
convex space, then the map C°°(M,E) — > C°°(T n M,T n E), 7 1— > T™7 is continuous. 

Proof. The proof of |G1502bl Lemma 3.8] carries over for n = 1, where G1502bl Lemma 3.7] 
has to be substituted by Lemma Tl V . 71 and G1602b l Lemma 3.4] has to be substituted by Lemma 
IIV.5I The assertion follows from an easy induction. □ 

Lemma IV. 8. If X is a Hausdorff space, E and F are locally convex spaces, U C E is open 
and f : X x U — > F is continuous, then the mapping 

f r .C(X,U) c ^C(X,F) c , 7 ^/°(idx,7) 

is continuous. 



Proof. Since the topology of compact convergence and the compact-open topology coincide on 
C(X,E) and C(X,F) IBou89al Theorem X.3.4.2], this is |G1502bl Lemma 3.9]. □ 
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Lemma IV. 9. If M is a finite- dimensional smooth manifold with corners, E and F are locally 
convex spaces, U C E is open and f : M x U — > F is smooth, then the mapping 

f t : C°°(M, U) -> C°°(M, F), 7 ~ / ° (id M , 7) 

is continuous. 

Proof. For 7 G C°°(M, 17) we have 

T(fa) = T(f o (id M) 7)) = T/ o T(id M , 7 ) = T/ o (id TM , T 7 ) = (T/),(r 7 ) 
and thus inductively 

T"(/ n ) = T(T"- 1 (/ |7 )) = r((T"- 1 /) tt T^ 1 7) 

= r(r n -V o (id^-tM^-S)) = r n / o (id T »M,T™ 7 ) = (t»/) s t" 7 . 

Now we can write the map 7 1— * T n {f^y) as the composition of the two maps 7 1— > (idT™M , !T 7l 7 ) 
and (idr™ m, T n l) l— * {T n f){T n l which are continuous by Lemma llV.7l and lrV.8l Hence /j is con- 
tinuous because a map from any topological space to C°° (M, F) is continuous if all compositions 
with d n = pr 2 „ o T n are continuous. □ 

Proposition IV. 10. If M is a compact smooth manifold with corners, E and F are lo- 
cally convex spaces, U C E is open and f : M X U — » F is smooth, then the mapping 
/j : C°°(M,U) — > C°°(M, F), 71-^/0 (id^/,7) is smooth. If, moreover, E and F are com- 
plex vector spaces and f(m) : U — > F is holomorphic for all m G M, then /j is holomorphic. 

Proof, (cf. jNeeOll Proposition III. 7]) We claim that 

d n {h) = (dlfh (1) 

holds for all n G No, where d 7 2f(x,y).v :— d n f(x,y).(0,v). This claim immediately proves the 
assertion due to Lemma HV.91 

To verify Q we perform an induction on n. The case n — is trivial, hence assume that 
holds for n 6 No and take 

7 g C°°(M, U) x C°°(M, E) 2 "- 1 ^ C°°(M, U xE 2 "- 1 ) 

and 

T} G C°°{M,E) 2Tl = C°°{M,E 2n ). 
Then im( 7 ) C U x E 2 _1 and im(r]) C E 2 are compact and there exists an e > such that 

im( 7 ) + (— e,e)im(?7) C U x E 2 "^ 1 . 

Hence 7 + hrj 6 C°°(M, [/ x i? 2 " -1 ) for all /i G (— £, e) and we calculate 

(d(«r/,,)(7, »?))(*) = hm i((d"/j( 7 + M - d n f^)){x)) 

lim i (<§/(*, 7 (s) + fc»/(x))-£§/(a;,7(a!))) 

km ^ d 2 (jd^f(x, 7 (x) +thTi(x))),n(*))dt 

(d$f(x, j(x)+thr ] (x))'),r 1 (x)\dt 



lim 

/1- 

'■' 







lim d 2 

ft— >0 



= d n 2 +1 f{x ll {x),r ! {x)) = {d5 +1 f) t b,r))(x), 

wkere i) kolds by the induction hypothesis, ii) holds by the Fundamental Theorem of Calculus 
G1602a , Theorem 1.5] and in) holds due to the differentiability of parameter-dependent Integrals 
(cf. |GN05| ). The derived formula d(/j) = (^2/))) shows that d(f$) is complex linear. □ 
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Corollary IV.ll. If M is a compact smooth manifold with corners, E and F are locally convex 
spaces, U C E are open and f : U — > F is smooth (respectively holomorphic) , then the push 
forward /* : C°°(M, U) — > C°°(M, F), 7 1— > / o 7 is a smooth (respectively holomorphic) map. 

Proof. Define f : M x U — ► F, (x,v) 1— > /(x) and apply Proposition IIV.IOI □ 

Proposition IV. 12. Let G be a group with a smooth manifold structure on U C G modelled on 
the locally convex space E. Furthermore assume that there exists V C [/ open smc/i i/iaf e E V , 
VV CU,V = V' 1 and 

i) V x V —>■ U , (g,h) 1— > g/i is smooth, 
ii) V — > V, 5 1— > is smooth, 

Hi) for all g G G t/iere exists an open unit neighbourhood W C [7 suc/i i/ia£ g~ x W g C {/ and 
i/ie map — » £/ , t— > g~ 1 hg is smooth. 

Then there exists a unique smooth manifold structure on G such that V is an open submanifold 
of G which turns G into a Lie group. 

Proof. The proof of Bou89b, Proposition III. 1.9. 18] carries over without changes. □ 

Theorem IV. 13. Let M fee a compact smooth manifold with corners, K be a Lie group and 
let ip : W C ( := L(K) be a chart of K around e with ip(e) — 0. Furthermore let 

ip* : C°°(M, W) -> G°°(Af, I), 7^^307. 

a) If M and K are smooth, then (p* induces a smooth manifold structure on C°°{M,K), 
turning it into a smooth Lie group w.r.t. pointwise operations. 

b) If M is smooth and K is complex, then Lp* induces a complex manifold structure on 
C°°{M,K), turning it into a complex Lie group w.r.t. pointwise operations. 

c) If M and K are complex, then the restriction of tp* to G^°(M, W) induces a complex 
manifold structure on G^°(M, K), turning it into a complex Lie group w.r.t. pointwise 
operations, modelled on G£p (M, t) . 

Proof. Using Corollary IIV. 1 II and Proposition II V . 1 Ol the proof of the smooth case in [£jlo02b 
Section 3.2] carries over to yield a). Since Proposition IIV. liil also implies the holomorhpy of the 
group operations, b) is now immediate. Using the same argumentation as in a) we deduce c) 
since p* maps G£?(M, W) bijectively to G£?(M, <p(W)), which is open in C^(M, t). □ 
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